Abstract. Let q = p r with p an odd prime, and F q denote the finite field of q elements. Let Tr : F q → F p be the usual trace map and set ζ p = exp(2πi/p). For any positive integer e, define the (modified) Gauss sum g r (e) by g r (e) = Recently, Evans gave an elegant determination of g 1 (12) in terms of g 1 (3), g 1 (4) and g 1 (6) which resolved a sign ambiguity present in a previous evaluation. Here I generalize Evans' result to give a complete determination of the sum g r (12).
Introduction
Let q = p r with p an odd prime, and F q denote the finite field of q elements. Fix a generator γ for the multiplicative group F * q of F q . Then G = γ 
where χ * denotes the restriction of χ to F When χ is nontrivial, the Davenport-Hasse Theorem on lifted Gauss sums can be applied to give a more refined result (chiefly, Theorem 12.1.3 in [2] or see [6] ). Namely, if χ has order k > 1 and l is the least positive integer such that k|p l − 1, then l|r and χ is the lift of some character ψ on F * p l (that is; χ = ψ • N F p r /F p l , where N is the relative norm map) and for s = r/l, (We write g(e) for g 1 (e).) The modified Gauss sums are intimately related to the Gauss sums G r (χ) for characters χ of order dividing e. Normalizing such characters χ so χ j (γ) = ζ j e for 1 ≤ j ≤ e, one has
For small values of e, the sums E r (χ) and g r (e) are known or easily derived using (4) and (7). (particularly for e|6 or e|8.) The modern treatment of Eisenstein sums E r (χ) stems for the seminal work of Williams, Hardy and Spearman [6] , in which they have tabulated the values of E r (χ) for e = 2, 3, 4, 6, 8. See also [2] , where Berndt, Evans and Williams give the value of g(e) for e = 2, 3, 4, 6, 8, 12, and of g r (e) for e = 2, 3, 4, leaving the computation of g r (6) and g r (8) as exercises. Recently, Evans [3] gave an elegant determination of g(12) in terms of g (3) , g (4) and g (6) which resolved a sign ambiguity present in a previous evaluation. Here I generalize Evans' result to give a complete determination of the modified Gauss sum g r (12).
Eisenstein Sums of Order 12
Before giving the evaluation of the Eisenstein sums E r (χ) for χ having order 12, some comments concerning Jacobi sums are in order. Let χ and ψ be characters of F * q , where q = p r . The Jacobi sum J r (χ, ψ) is defined by and (10) 
Theorem 1 The Eisenstein sum E r (χ) is explicitly given as follows:
if r ≡ 10 (mod 12),
if r ≡ 0 (mod 4),
if r ≡ 0 (mod 6).
since E 1 (ψ) = 1. From Proposition 1 and (9), one finds
and
Then for r ≡ r (mod 12) with 0 < r ≤ 6, E r (χ) equals
which yields the desired forms for E r (χ) when r ≡ 1, 2, 3, 4, 5 or 6 (mod 12). For r ≡ r (mod 12) with 6 < r < 12, it follows from (2) and (15) that
which yields the desired expressions for E r (χ) when r ≡ 7, 8, 9, 10 and 11 (mod 12). so ψ * is quadratic and χ so ψ * is cubic and χ * = (ψ * ) r/2 in (5). Thus
, and noting that G 
Similarly one finds the desired expressions for E r (χ) when r ≡ 0 and 4 (mod 6). 
Gauss Sums Over F q of Order Twelve
Before giving the evaluation of the modified Gauss sum g r (12), some comments about g r (e) and the classical Gauss sums G(ψ) for ψ of order e = 2, 3, 4 and 6 are in order. Assume, for convenience, that ψ is the (normalized) character satisfying ψ(G) = ζ e . For e = 2, G(ψ) = i * √ p where i * = 1 or i according as p ≡ 1 or 3 (mod 4). Also,
from Theorem 12.10.2 in [2] . For e = 3, the modified Gauss sum g = g(3) satisfies x 3 − 3px − pr 3 = 0 with r 3 and s 3 as before. The correct choice of root for g (3) was determined by Matthews [5] and is described in [2] . In terms of g (3), one sees
where the conjugates g and g of g are given by
In particular (chiefly, Theorem 12.10.
r/2 p r/2 or 0 as r is even or odd.
Here V n and U n are Lucas sequences given by
for n ≥ 0. For later use we introduce the related sequences
for any integer j, noting that V j,n = V n and U j,n = U n when 6| j. For e = 6 one finds from Lemma 4.
using the fact that G 2 3 = λĜ 3 . For χ, the (normalized) character of F * q satisfying χ(γ) = ζ 6 , one computes G r (χ) + G r (χ 5 ) for p ≡ 1 (mod 6) using (4), (22) and Theorem 12.6.1 in [2] .
Proposition 2 The value of G
where p has the form 6k + 1.
In view of (7) the above proposition gives the value for g r (6) − g r (3) − g r (2) which may be conveniently expressed in terms of the sequences V j,n and U j,n using relations (17), (18) and (22). Namely, if p = 6k + 1 then depending on the value of r modulo 6, g r (6) − g r (3) − g r (2) equals (23)
using Theorem 12.6.1 in [2] .
For e = 4 with p ≡ 1 (mod 4), one has (chiefly, from Theorem 4.2.4 in [2] )
where
The correct choice of sign for was determined by Matthews [5] and is described in [2, p. 162] . In particular (chiefly Theorem 12.4.1 in [2] ), if p ≡ 1 (mod 4)
Here Q n and P n are the Lucas sequences given by (29) Q n = π n +π n and P n = −i(π n −π n ) for n ≥ 0.
I am ready to consider the case e = 12. For the (normalized) characters χ j of F * q
g r (12) = S + R + g r (6).
S. Gurak
For p = 12k+1 and ψ the (normalized) character of F * p of order 12 satisfying ψ(G) = ζ 12 , I explicitly evaluate G(ψ j ) next for gcd( j, 12) = 1.
Proposition 3
For ψ as above with p = 12k + 1, one has
where π = a 4 + ib 4 with G 3 and G 4 as in (17) and (25) .
Proof In view of (2) it suffices to verify the expressions for G(ψ 11 ) and G(ψ 5 ). Using (9) and (10),
For the situation at hand, one finds an elegant expression for S in terms of R = g r (4) − g r (2), g r (3) and g r (2) . 
